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Star2000 Conference Heidelberg: Dynamics of Star Clusters 
and the Milky Way, ASP Conference Series, Vol. 228. 
Edited by S. Deiters, B. Fuchs, R. Spurzem, A. Just, and R. Wielen. 
San Francisco: Astronomical Society of the Pacific.



NAOC/NAOC/
CASCAS

Top: NAOC Headquarter Beijing

Bottom: LAMOST Site

Silk Road Project =
Computational Science Project...





IAU Symp. No. 312: Star Clusters and Black Holes in Galaxies across Cosmic IAU Symp. No. 312: Star Clusters and Black Holes in Galaxies across Cosmic 
Time, August 2014, National Library BeijingTime, August 2014, National Library Beijing

Proposed IAU Symposium (H.M. Lee/R. Spurzem), Seoul, June 2025:Proposed IAU Symposium (H.M. Lee/R. Spurzem), Seoul, June 2025:
Compact Objects and Binaries in Dense Star ClustersCompact Objects and Binaries in Dense Star Clusters



From: Quarterly Journal of the Royal Astron. Soc., 1, p. 152, 1960

                                        Concepts discussed:    

                                        Total Energy of grav. star clusters NOT additive

                                         No thermodynamical equilibrium

                                         Statistical Theory of Gases to be used with care

                                                                          (large mean free path)

                                         Locally truncated Maxwellian distribution.



Physical and Numerical Methods: Modelling the DynamicsPhysical and Numerical Methods: Modelling the Dynamics



Some methods for studying the evolution of globular clusters  (by D.C.Heggie)

Hybrid models (e.g. Giersz & Spurzem 2000, 2003)

Title Picture
IAU 208

Numerical Stellar DynamicsNumerical Stellar Dynamics

(citations are not complete for 2006)



1980

 Conductivity  ∝ ρ/v  
 Based on Jeans Length
 Anisotropic generalization
(Louis & Spurzem 1991)



(Spurzem & Aarseth 1996)                                 (Giersz & Spurzem 1994)
                                                                            (now in Binney/Tremaine)

N-Body / N-Body                         N-Body / Fokker-Planck

 → Blackboard Talk Week 4 gives more (Tue June 25):
 Fluid and orbit averaged Fokker-Planck models 
 central supermassive black hole, rotation
 Anisotropic heat transport, aniso TOV generalization
 Ultracold plasma and self-interacting dark matter

Star Clusters: Modelling the DynamicsStar Clusters: Modelling the Dynamics
(compare gaseous model with direct N-body integration)(compare gaseous model with direct N-body integration)



3-body Encounters Starlab 
Simulation (S.L.W. McMillan)

http://www.physics.drexel.edu/~steve/
-> Three-Body-Problem

Gravothermal Oscillations - 
Attractor in Phase Space
Spurzem 1994, Giersz & Spurzem 1994
Amaro-Seoane, Freitag & Sp. 2004

Follow-Up of Angeletti & 
Giannone and Larson



Orbit averagedOrbit averaged
Fokker-PlanckFokker-Planck
EquationEquation

(here in the 2D(here in the 2D
form for axisymm.form for axisymm.
systems,systems,
Einsel & SpurzemEinsel & Spurzem
1999)1999)
(unpubl.Ph.D. thesis(unpubl.Ph.D. thesis
by J. Goodman 1983)by J. Goodman 1983)

Numerical Stellar Dynamics B: Fokker-PlanckNumerical Stellar Dynamics B: Fokker-Planck



Kim, Yoon,Kim, Yoon,
Lee, Spurzem,Lee, Spurzem,
2008, MNRAS2008, MNRAS

Hong, Kim,Hong, Kim,
Lee, Spurzem,Lee, Spurzem,
2013, MNRAS2013, MNRAS

Rotating Star ClustersRotating Star Clusters
(compare Fokker-Planck model with direct N-body integration)(compare Fokker-Planck model with direct N-body integration)

Dissolution of Star Cluster in Tidal Field

Three Phases in 

Cluster Dissolution:

1) Core Collapse 

(Encounters)

2) Post-Collapse 

Steady Evaporation 

(Encount)

3) Dynamic

 final dissolution 

spherical

rotating



1) Introduction – History and Theory
2) Code(s)* and Supercomputers
3) Star Clusters/Black Holes/Grav. Waves 
4) Wrap-Up and References

*mainly Nbody6++GPU



Code(s)
(mainly Nbody6++GPU)

https://github.com/nbody6ppgpu
https://github.com/nbody6ppgpu/Nbody6PPGPU-beijing

https://github.com/nbody6ppgpu
https://github.com/nbody6ppgpu/Nbody6PPGPU-beijing


      

Last but not least:Last but not least:
Nbody-X HistoryNbody-X History

After Holmberg and von Hoerner:

Sverre Aarseth, Roland Wielen, Seppo Mikkola

Jarrod Hurley, Steve McMillan, Jun Makino

Later see: Keigo Nitadori, Long Wang, Peter Berczik…

and more: Sambaran Banerjee, Albrecht Kamlah, 

Manuel Arca Sedda, ...



(Credit: X-ray: NASA/CfA/J. Grindlay et al., 
Optical: NASA/STScI/R. Gilliland et al.)

X-ray binaries 

with neutron stars 

and black holes 

Globular Cluster 47 Tuc
~ one million stars



  

Hierarchical Block Time StepsHierarchical Block Time Steps
                    “                    “Aarseth step” →Aarseth step” →

S.J.Aarseth, S. Mikkola 
(ca. 20.000 lines):
•Hierarchical Block Time Steps
•Ahmad-Cohen Scheme
•Regularisations
•4th order Hermite scheme

•NBODY6 (Aarseth 1999)
•NBODY6++ (Spurzem 1999) MPI
•NBODY6++GPU (Wang, Spurzem, 
Aarseth et al. 2015, Kamlah, Sp, et 
al. 2022A, Spurzem & Kamlah 
LRCA 2023)

Code(s) – Code(s) – mainly Nbody6++GPUmainly Nbody6++GPU



Ahmad-CohenAhmad-Cohen
Neighbour SchemeNeighbour Scheme

(Double Volume for(Double Volume for
Incoming Particles)Incoming Particles)

Special Care for fastSpecial Care for fast
ParticlesParticles

ComplexityComplexity
ααNN22 +  + ββNN··NNnn

αα small,  small, NNn n ~ 50-200~ 50-200

Code(s) – Code(s) – mainly Nbody6++GPUmainly Nbody6++GPU



Physical and Numerical Methods: Direct SimulationsPhysical and Numerical Methods: Direct Simulations
Direct: high accuracy / active-inactive particlesDirect: high accuracy / active-inactive particles

The Hermite Scheme: 4th Order on two time pointsThe Hermite Scheme: 4th Order on two time points

Repeat Step 1 at tRepeat Step 1 at t11using predicted x,v using predicted x,v → a→ a1, 1, åå11

NBODY6++GPU: https://github.com/nbody6ppgpu/



Physical and Numerical Methods: Direct SimulationsPhysical and Numerical Methods: Direct Simulations

The Hermite StepThe Hermite Step
Get Higher DerivativesGet Higher Derivatives

The Corrector Step – this is not time symmetric!The Corrector Step – this is not time symmetric!



  

Most NBODY Codes ...
Hurley, 2001
Ph.D. thesis
and many papers
Following...



f⃗ ij=−
G⋅m j

(r ij
2 +ε 2 )3/2 r⃗ ij

~N ~N^2

a⃗i= ∑
j=1;j≠i

N

f⃗ ij

GPU

Code(s) - mainly Nbody6++GPU
(note also φGRAPE/φGPU, Berczik et al. 2013)

Slide: Peter Berczik

(Here: ε=0 !)



Wa
Wang, Spurzem, Aarseth, et al. 2015, 2016
→ Exaflop/s Huang, Berczik, Spurzem 2016

NBODY6++GPU



Huang, Spurzem. Berczik, 2016, RAA

Wang, Spurzem, Aarseth, et al. 2015, MNRAS

A timing model of Nbody6++GPU



NBODY6++GPU with up to 16M particles
(Benchmarks on raven at MPCDF)



h-index 65
(about 80% NBODY6++)



Aarseth 1985
                    Ahmad, Cohen 1973
                                  Kustaanheimo, Stiefel 1965

    Kupi, Amaro-Seoane, Sp. 2006,         \   Makino, Aarseth 1992
       Mikkola, Merritt 2008, Aarseth 2012, Banerjee et al. 2020
              Mikkola, Aarseth 1998
                                                                           Spurzem 1999

NBODY1 – NBODY7: “The Growth of an Industry” (Aarseth 1999)

                                                       

NBODY6++GPU: https://github.com/nbody6ppgpu/
Part of https://www.punch4nfdi.de/  PUNCH4NFDI Consortium w. Jülich

Berczik, Spurzem, et al., LNCS 2013;  Table from: Spurzem, Kamlah 2023, LRCA 

https://github.com/nbody6ppgpu/
https://www.punch4nfdi.de/


New competition 1:
PeTar: MNRAS 2020

New competition 2:
FROST: MNRAS 2021



Supercomputers



Jun Makino 
with GRAPE6 → 
(2002)

Nature 1990



2010 Beijing:                                                        2015: 64 Kepler K20

Laohu: 2009/2015 
(Kepler GPU)
100 Tflop/s 150k cores

New GPUs 5-6 times 
faster… (see below)

laohu

New VOLTA

GPU

Peter
Berczik



 

JUWELS Booster 936 nodes (AMD CPU, 4x Ampere GPU)
~450.000 AMD cores, 25 million NVIDIA Ampere GPU cores
~ 70 Pflop/s SP    ~ 44 Pflop/s DP
No. 12 in top500 list, No. 25 in green500 list



Supercomputer, Kajaani, Finland

EuroHPC and LUMI consortium:

Finland, Belgium, Czech Republic, Denmark, Estonia, Iceland, Norway, 
Poland, Sweden, and Switzerland.

Using only

Hydroelectric

Power and its

Heat used for heating 
buildings.

No. 3 in top500

No. 7 in green500

2.2 million cores

10.000 AMD GPUs
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Wang, Spurzem, Aarseth, Naab et al. 

                           MNRAS, 2015

Wang, Spurzem, Aarseth Naab, et al. 

                           MNRAS 2016

One million stars direct simulation,

biggest and most realistic direct N-Body simulation of 
globular star clusters. 

With stellar mass function, single and binary stellar 
evolution, regularization of close encounters, tidal field 
(NBODY6++GPU).

(NAOC/Silk Road/MPA collaboration).

DRAGON I
Simulation

http://silkroad.zah.uni-heidelberg.de/dragon/

https://github.com/nbody6ppgpu

Also in: https://www.punch4nfdi.de/

 

Number of Floating Point Operations (~1M bodies) similar to largest

Cosmological simulations (Millennium, Illustris, ~1010 bodies)

http://silkroad.zah.uni-heidelberg.de/dragon/
https://github.com/nbody6ppgpu
https://www.punch4nfdi.de/


What about black holes?
Black Hole Binaries?
DRAGON II Models



Manuel Arca Sedda

Breaching the barrier: dynamical formation of the first 
intermediate-mass black hole discovered by LIGO-Virgo

18 - 02 - 2021ARI Institute 
Colloquium

GW190412:
 smallest mass ratio 

GW190521: 
 mass-gap  remnant with high m  ~142 MSUN

GW190814: 
massive NS?

GW190426_...: 
BH-NS merger

O3a observation run



 

Binary Evolution Relativistic – current
(taken from Rizzuto et al. 2021, 2022, Arca Sedda et al. 2021, 2022, 

and DRAGONII Papers I,II,III, In preparation, using citations given here and cited in papers)

Implementation of 

relativistic kick after 

gravitational wave 

Induced coalescence

(Arca Sedda et al. 2023abc,

following papers cited therein) 

Orbit Averaged 

Post-Newtonian 

(Peters & Mathews 1963,

Peters 1964)

semi-major axis a,

Eccentricity a

(Rizzuto et al. 2021, 2022)



DRAGON-II Simulations – Paper II
using NBODY6++GPU

Arca Sedda et al. 2023abc: 
MNRAS:

19 models, up to 1 million stars, up 
to 33% initial hard binaries

Including GR kicks for mergers!



DRAGON-II Simulations – Paper III
using NBODY6++GPU

Arca Sedda et al. 2023c: 
Submitted to MNRAS:
19 models, up to 1 million 
stars, up to 33% initial hard 
binaries

Compact Object Mergers
Compared with LIGO-Virgo 
GWTC-3 catalogue (grey 
symbols)

Mass ratio q vs. primary 
mass m1; colour code:
secondary mass m2

grey shade: neutron star 
involved
red Shade: mass gap



Work in Progress:
 Very Massive Stars, ... Black Holes, 

Relativistic Dynamics
 DRAGON-II simulations: approximate Post-Newtonian, max. 1 Gyr or shorter, 

need longer simulations, currently waiting: PopIII clusters (with Ataru Tanikawa)
 Pure Black Hole Clusters: check effect of spins and recoil kicks (Ricarda)
 Growth  of Massive Stars: Albrecht Kamlah with Rainer, Marcelo, Francesco, 

Peter, and many collaborators (e.g. Renyue Cen, Nadine Neumayer)
 Full Post-Newtonian up to PN3.5 with spins in large cluster models

Arca Sedda, Kamlah, Spurzem,
Rizzuto, Giersz, Naab, Berczik,
DRAGON-II, MNRAS, 2023/24 Paper I,II,III

Kamlah,
Spurzem,
et al. (incl. Jarrod 

Hurley) to be 
subm. ASAP

Issues:
 Rejuvenation
 He ageing
 Massive star 

evolution 
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Summary Message

Massive Star Clusters:Massive Star Clusters:
 Direct N-Body Simulations of star clusters give LIGO/Virgo Sources (are Direct N-Body Simulations of star clusters give LIGO/Virgo Sources (are 

consistent with them, it does not mean all sources are from star clusters)consistent with them, it does not mean all sources are from star clusters)
 Necessary Input: single/binary stellar evolution / relativistic (PN) dynamicsNecessary Input: single/binary stellar evolution / relativistic (PN) dynamics
 Still very long computing time for few models (in spite of GPU, Lumi, …)Still very long computing time for few models (in spite of GPU, Lumi, …)

Monte Carlo Models (MOCCA, Warsaw, M. Giersz, CMC, Northwestern, F. Rasio) Monte Carlo Models (MOCCA, Warsaw, M. Giersz, CMC, Northwestern, F. Rasio) 
needed to get good sweep of parameter space, comparison with N-Bodyneeded to get good sweep of parameter space, comparison with N-Body

Nuclear Star Clusters Nuclear Star Clusters 
(not covered in this talk):(not covered in this talk):
 Observable Tidal Disruption Events (TDE)Observable Tidal Disruption Events (TDE)
 Light Curves correspond to dynamics of TDELight Curves correspond to dynamics of TDE
 Future Work: relativistic inspiralsFuture Work: relativistic inspirals
 Future Work: pulsarsFuture Work: pulsars
 Future Work: star diskFuture Work: star disk



University of North Carolina, UNC, Carl Rodriguez et al.
Canadian Inst. For Theoretical Astrophysics, CITA, Claire Ye
Center for Interdisciplinary Exploration and Research in 
Astrophysics CIERA, Northwestern Uni, Evanston, IL, Chicago, 
Fred Rasio et al. 

Warsaw PL: MOCCA team:
M. Giersz, A. Hypki, A. Askar
et al. 



Team & Collaborators as below and further:
Thorsten Naab (MPA), Mirek Giersz (CAMK), 

Ataru Tanikawa (Tokyo U), Nadine Neumayer (MPIA)

DRAGON simulations – globular and nuclear star clusters
• DRAGON simulation: PhD thesis Long Wang, KIAA/PKU, awarded for first realistic globular 

cluster simulation using NBODY6++GPU with one million stars and many binaries (Wang, 
Spurzem, Aarseth, et al., MNRAS 2016).

• The Dragon-II simulations – Paper  III. Compact binary mergers in clusters with up to 1 
million stars: mass, spin, eccentricity, merger rate and pair instability supernovae rate 
(Arca Sedda, M., Kamlah, A. W. H., Spurzem, R., et al.) arXiv e-prints arXiv:2307.04807, Paper 
II: MNRAS 525, 429 (2023), Paper I: arXiv e-prints arXiv:2307.04805

NBODY6++GPU and more, current state:

• Spurzem, R., Kamlah A.W.H. Direct N-body simulations, in Living Rev. in Comp. 
Astrophysics 9, id.3 (2023) (NBODY7 see also Banerjee, Sambaran papers)

Direct Nuclear Star Cluster Models with SMBH and TDE:
• DRAGON simulation of the Galactic Center, PhD thesis of Taras Panamarev, ARI/ZAH Univ. of 

Heidelberg (Panamarev, Just, Spurzem, Berczik, Wang, Arca Sedda, MNRAS 2019), simple TDE

• Revisit the Rate of Tidal Disruption Events: The Role of the Partial Tidal Disruption Event 
(Zhong, S., Li, S., Berczik, P., Spurzem, R.) 933, 96 (2022), TDE improved 1

• Marija Minzburg, Philip Cho: Master Thesises Heidelberg 2023, publication in progress, TDE 
improved 2 and 3.

Some other papers and collaborators may be mentioned:
• Rizzuto, Naab, Spurzem et al. (2021, 2022) precursor of DRAGON II but no GW kicks, no TDE
• Li, Zhong, Berczik, Spurzem, Chen, Liu (MNRAS 2023 and earlier): merging nuclei with TDE 48
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