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The dissipation of turbulence causes the heating of plasma in space and astrophysical systems. 

A predictive theory of turbulence (plasma couples with EM fields) is crucial:

à nature of the turbulent fluctuations (e.g., spectral properties, ) 

àheating mechanisms for particles (dissipative mechanisms for electromatic fluctuations )
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Turbulence composed of waves

PSP Solar wind.  
[Kasper+(2019)]
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Turbulent spectrum in the Solar wind 
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Electron Larmor radius 𝜌!
Electron skin depth 𝑑!

Turbulent spectrum in a theorist’s mind

Ion Larmor radius 𝜌"
Ion skin depth 𝑑"
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Magnetohydrodynamics (MHD)
approximation range

(assuming Maxwellian ion, e
𝐹#" , 𝐹#!)

Dispersive 
kinetic Alfvén 
wave

Ion Larmor radius 𝜌"
Ion skin depth 𝑑"

Electron Larmor radius 𝜌!
Electron skin depth 𝑑!

Inertial range (MHD approximation)

Alfvén wave
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Magnetohydrodynamics (MHD)
approximation range

(assuming Maxwellian ion, e
𝐹#" , 𝐹#!)

Dispersive 
kinetic Alfvén 
wave

Ion Larmor radius 𝜌"
Ion skin depth 𝑑"

Electron Larmor radius 𝜌!
Electron skin depth 𝑑!

𝐹! = 𝐹"! + 𝛿𝑓!

𝐹# = 𝐹"# + 𝛿𝑓#

not necessarily 
small

Kinetic range 

Kinetic range (electron and ion kinetic/nonequilibrium physics matters)   

Alfvén wave
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Kolmogorov-like cascade; constant energy flux 
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Steepened spectrum; nature of nonlinear cascade changes 
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Even steeper spectrum below electron scale
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Electromagnetic energy leakage into electron and ion internal energy 
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𝒌

position space 

Collisional plasma --- “fluid channel” of thermalization

Nonlinear advection

“fluid-channel” of dissipation

at small spatial scales 

injection
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𝒌

position space 

velocity space 

𝒎

Maxwellian

Non-Maxwellian plasma has nontrivial dynamics in velocity space 

Nonlinear advection

“fluid-channel” of dissipation

at small spatial scales 

injection

m: order of moments of plasma distribution function 𝑓(𝒓, 𝒗, 𝑡)

𝑚 = 0: 𝑛 𝒓, 𝑡 = ∫ 𝑓 𝒓, 𝒗, 𝑡 𝑑𝒗

𝑚 = 1: 𝒖 𝒓, 𝑡 = ∫ 𝒗𝑓 𝒓, 𝒗, 𝑡 𝑑𝒗

𝑚 = 2,3,4… .
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𝒌

Phase mixing (field-particle interaction)

“kinetic-channel” of dissipation at small velocity-space scales

position space 

Nonlinear advection

“fluid-channel” of dissipation

at small spatial scales 

velocity space 

“kinetic-channel” of dissipation exists for weakly collisional plasma  

𝒎

injection
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𝒌

position space 

Nonlinear advection

“fluid-channel” of dissipation

at small spatial scales 

velocity space 

The whole phase-space dynamics is crucial for particle heating

𝒎

injection

Phase mixing (field-particle interaction)

“kinetic-channel” of dissipation at small velocity-space scales

• Resonant: Landau damping, cyclotron damping, etc.

• Non-resonant: Stochastic heating, magnetic pumping, etc
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Electron Landau damping in Earth’s magnetosheath turbulence by MMS

MMS magnetosheath.  [Chen+(2019) Nature]

Work done by particles to 
electromagnetic fluctuations

resonant	condition
𝜔!"# = 𝑘∥𝑣%&,(

Landau damping of kinetic 
Alfvén wave (KAW) 

Formation of plateau in 
the particle distribution
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Schekochihin+ 2016; Adkins & Schekochihin 2018 Experimentally observed plasma echo:

[Malmberg+ 1967]

Nonlinear coupling:

Measurable echo signal 

[adapted from Schekochihin’s kinetic lecture notes ]

Anti-phase-mixing and plasma echoes 
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Schekochihin+ 2016; Adkins & Schekochihin 2018

Confirmed by simulations in the inertial range 
with compressive fluctuations  [Meyrand+ 2018] 

Q: What about in the ion range with electromagnetic fluctuations? 

Also confirmed by electrostatic, drift-kinetic 
simulations in the sub-ion range [Parker+ 2016]

Anti-phase-mixing and plasma echoes 
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Kinetic Reduced Electron Heating Model (KREHM) framework

Simplest yet rigorous eqns
containing fluid & kinetic physics
[Zocco+ 2011]

Ions become isothermal and electrostatic, only introducing 𝜌" scale. 

<latexit sha1_base64="EHE9ZJhrrh3H6rTcmZEhOGojUL8=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPNVERD0WvXisYG2hCWGznbRLd5OwuxFKKPhXvHhQxKu/w5v/xk2bg7Y+GHi8N8PMvDDlTGnH+bYqS8srq2vV9drG5tb2jr2796CSTFJo04QnshsSBZzF0NZMc+imEogIOXTC0U3hdx5BKpbE93qcgi/IIGYRo0QbKbAPvBA0CQB7igksAjgVAasFdt1pOFPgReKWpI5KtAL7y+snNBMQa8qJUj3XSbWfE6kZ5TCpeZmClNARGUDP0JgIUH4+PX+Cj43Sx1EiTcUaT9XfEzkRSo1FaDoF0UM17xXif14v09GVn7M4zTTEdLYoyjjWCS6ywH0mgWo+NoRQycytmA6JJFSbxIoQ3PmXF8nDWcO9aLh35/XmdRlHFR2iI3SCXHSJmugWtVAbUZSjZ/SK3qwn68V6tz5mrRWrnNlHf2B9/gDYcZTD</latexit>
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Electrons are described by 
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Simplest yet rigorous eqns
containing fluid & kinetic physics
[Zocco+ 2011]

Ions become isothermal and electrostatic, only introducing 𝜌" scale. 
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Electrons are described by 
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(Ak)

Isothermal closure for electrons (no leakage to velocity space)  
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Isothermal closure for electrons (no leakage to velocity space)  

Simplest yet rigorous eqns
containing fluid & kinetic physics
[Zocco+ 2011]

Ions become isothermal and electrostatic, only introducing 𝜌" scale. 

<latexit sha1_base64="EHE9ZJhrrh3H6rTcmZEhOGojUL8=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPNVERD0WvXisYG2hCWGznbRLd5OwuxFKKPhXvHhQxKu/w5v/xk2bg7Y+GHi8N8PMvDDlTGnH+bYqS8srq2vV9drG5tb2jr2796CSTFJo04QnshsSBZzF0NZMc+imEogIOXTC0U3hdx5BKpbE93qcgi/IIGYRo0QbKbAPvBA0CQB7igksAjgVAasFdt1pOFPgReKWpI5KtAL7y+snNBMQa8qJUj3XSbWfE6kZ5TCpeZmClNARGUDP0JgIUH4+PX+Cj43Sx1EiTcUaT9XfEzkRSo1FaDoF0UM17xXif14v09GVn7M4zTTEdLYoyjjWCS6ywH0mgWo+NoRQycytmA6JJFSbxIoQ3PmXF8nDWcO9aLh35/XmdRlHFR2iI3SCXHSJmugWtVAbUZSjZ/SK3qwn68V6tz5mrRWrnNlHf2B9/gDYcZTD</latexit>

�e ⇠ me/mi

<latexit sha1_base64="tpMeO640yEhD4JkiUR0MhZNU3Jk="></latexit>

1

n0e

d�ne

dt
= �b̂ ·r e

cme
d2er2

?Ak

<latexit sha1_base64="F9D/8ymhH+3s5+LHuSCGWvenORo="></latexit>

d

dt
(Ak � d2er2

?Ak) = �c
@'

@z
+

cTe0

e
b̂ ·r

✓
�ne

n0e
+

�Tke

T0e

◆

Continuity

Ohm’s law

Fully 
kinetic 

Gyro-
kinetics KREHM

low-𝛽

Electrons are described by 
<latexit sha1_base64="YmYME2Aix5vrRODoLDSbIUbvuOM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4r2FpsQ9lsJu3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBVcG9f9dkorq2vrG+XNytb2zu5edf+grZNMMWyxRCSqE1CNgktsGW4EdlKFNA4EPgSj66n/8IRK80Tem3GKfkwHkkecUWOlx16IwlAS9bFfrbl1dwayTLyC1KBAs1/96oUJy2KUhgmqdddzU+PnVBnOBE4qvUxjStmIDrBrqaQxaj+fXTwhJ1YJSZQoW9KQmfp7Iqex1uM4sJ0xNUO96E3F/7xuZqIrP+cyzQxKNl8UZYKYhEzfJyFXyIwYW0KZ4vZWwoZUUWZsSBUbgrf48jJpn9W9i7p3d15r3BRxlOEIjuEUPLiEBtxCE1rAQMIzvMKbo50X5935mLeWnGLmEP7A+fwBJ1qQlg==</latexit>

�fe (deviation from       )
<latexit sha1_base64="rq+gfpeywzsgKIak/fI0TVpDO0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rGgiMcK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4WV1bX1jeJmaWt7Z3evvH/Q1DJVFBtUcqnaIdHImcCGYYZjO1FI4pBjKxxdT/3WEyrNpHgw4wSDmAwEixglxkrN217m4aRXrnhVbwZ3mfg5qUCOeq/81e1LmsYoDOVE647vJSbIiDKMcpyUuqnGhNARGWDHUkFi1EE2u3binlil70ZS2RLGnam/JzISaz2OQ9sZEzPUi95U/M/rpCa6CjImktSgoPNFUcpdI93p626fKaSGjy0hVDF7q0uHRBFqbEAlG4K/+PIyaZ5V/Yuqf39eqd3kcRThCI7hFHy4hBrcQR0aQOERnuEV3hzpvDjvzse8teDkM4fwB87nD0SHjvA=</latexit>

F0e

Useful for studying the nature of nonlinear interaction in the position space
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Electron kinetic physics 

Simplest yet rigorous eqns
containing fluid & kinetic physics
[Zocco+ 2011]

Ions become isothermal and electrostatic, only introducing 𝜌" scale. 

<latexit sha1_base64="EHE9ZJhrrh3H6rTcmZEhOGojUL8=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPNVERD0WvXisYG2hCWGznbRLd5OwuxFKKPhXvHhQxKu/w5v/xk2bg7Y+GHi8N8PMvDDlTGnH+bYqS8srq2vV9drG5tb2jr2796CSTFJo04QnshsSBZzF0NZMc+imEogIOXTC0U3hdx5BKpbE93qcgi/IIGYRo0QbKbAPvBA0CQB7igksAjgVAasFdt1pOFPgReKWpI5KtAL7y+snNBMQa8qJUj3XSbWfE6kZ5TCpeZmClNARGUDP0JgIUH4+PX+Cj43Sx1EiTcUaT9XfEzkRSo1FaDoF0UM17xXif14v09GVn7M4zTTEdLYoyjjWCS6ywH0mgWo+NoRQycytmA6JJFSbxIoQ3PmXF8nDWcO9aLh35/XmdRlHFR2iI3SCXHSJmugWtVAbUZSjZ/SK3qwn68V6tz5mrRWrnNlHf2B9/gDYcZTD</latexit>

�e ⇠ me/mi

Electrons are described by 

<latexit sha1_base64="tpMeO640yEhD4JkiUR0MhZNU3Jk="></latexit>

1

n0e

d�ne

dt
= �b̂ ·r e

cme
d2er2

?Ak

<latexit sha1_base64="F9D/8ymhH+3s5+LHuSCGWvenORo="></latexit>

d

dt
(Ak � d2er2

?Ak) = �c
@'

@z
+

cTe0

e
b̂ ·r

✓
�ne

n0e
+

�Tke

T0e

◆

Continuity

Ohm’s law

Fully 
kinetic 

Gyro-
kinetics KREHM

low-𝛽

<latexit sha1_base64="YmYME2Aix5vrRODoLDSbIUbvuOM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4r2FpsQ9lsJu3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBVcG9f9dkorq2vrG+XNytb2zu5edf+grZNMMWyxRCSqE1CNgktsGW4EdlKFNA4EPgSj66n/8IRK80Tem3GKfkwHkkecUWOlx16IwlAS9bFfrbl1dwayTLyC1KBAs1/96oUJy2KUhgmqdddzU+PnVBnOBE4qvUxjStmIDrBrqaQxaj+fXTwhJ1YJSZQoW9KQmfp7Iqex1uM4sJ0xNUO96E3F/7xuZqIrP+cyzQxKNl8UZYKYhEzfJyFXyIwYW0KZ4vZWwoZUUWZsSBUbgrf48jJpn9W9i7p3d15r3BRxlOEIjuEUPLiEBtxCE1rAQMIzvMKbo50X5935mLeWnGLmEP7A+fwBJ1qQlg==</latexit>

�fe (deviation from       )
<latexit sha1_base64="rq+gfpeywzsgKIak/fI0TVpDO0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rGgiMcK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4WV1bX1jeJmaWt7Z3evvH/Q1DJVFBtUcqnaIdHImcCGYYZjO1FI4pBjKxxdT/3WEyrNpHgw4wSDmAwEixglxkrN217m4aRXrnhVbwZ3mfg5qUCOeq/81e1LmsYoDOVE647vJSbIiDKMcpyUuqnGhNARGWDHUkFi1EE2u3binlil70ZS2RLGnam/JzISaz2OQ9sZEzPUi95U/M/rpCa6CjImktSgoPNFUcpdI93p626fKaSGjy0hVDF7q0uHRBFqbEAlG4K/+PIyaZ5V/Yuqf39eqd3kcRThCI7hFHy4hBrcQR0aQOERnuEV3hzpvDjvzse8teDkM4fwB87nD0SHjvA=</latexit>

F0e

𝑚 = 0

<latexit sha1_base64="GQz37UWqfdObFJnDesdVWEnCU/Q=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix46bGC/cA2lM1m0i7dbMLuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis99kMUhpJogINK1a25c5BV4hWkCgWag8pXP0xYFqM0TFCte56bGj+nynAmcFruZxpTysZ0iD1LJY1R+/n84ik5t0pIokTZkobM1d8TOY21nsSB7YypGellbyb+5/UyE936OZdpZlCyxaIoE8QkZPY+CblCZsTEEsoUt7cSNqKKMmNDKtsQvOWXV0n7suZd17z7q2q9UcRRglM4gwvw4Abq0IAmtICBhGd4hTdHOy/Ou/OxaF1zipkT+APn8wcojpCa</latexit>

�fe

<latexit sha1_base64="SYmPy3dXTXp6kbDfRxWkDTPcvQk=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix46bGC/cA2lM1m0i7dbMLuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis99kMUhhI5wEGl6tbcOcgq8QpShQLNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+8ZScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW79nMs0MyjZYlGUCWISMnufhFwhM2JiCWWK21sJG1FFmbEhlW0I3vLLq6R9WfOua979VbXeKOIowSmcwQV4cAN1aEATWsBAwjO8wpujnRfn3flYtK45xcwJ/IHz+QM0vpCi</latexit>

�ne

<latexit sha1_base64="myhv290XxfpYYwBkQ17kQHHw3pM=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIqMuCmy4r2Ae0IUymN+3QySTMQ6ihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPlHGmtOd9O6WNza3tnfJuZW//4LDqHh13VGokhTZNeSp7EVHAmYC2ZppDL5NAkohDN5rczf3uI0jFUvGgpxkECRkJFjNKtJVCt2rCfJARSTgHjmEWujWv7i2A14lfkBoq0Ardr8EwpSYBoSknSvV9L9NBTqRmlMOsMjAKMkInZAR9SwVJQAX54vAZPrfKEMeptCU0Xqi/J3KSKDVNItuZED1Wq95c/M/rGx3fBjkTmdEg6HJRbDjWKZ6ngIdMAtV8agmhktlbMR3bFKi2WVVsCP7qy+ukc1n3r+v+/VWt0SziKKNTdIYukI9uUAM1UQu1EUUGPaNX9OY8OS/Ou/OxbC05xcwJ+gPn8wfroZNH</latexit>uke𝑚 = 1

𝑚 = 2
<latexit sha1_base64="ofIJmdnPHD58JElylgrpBKQTYIQ=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSEfVY8NJjhX5BE8JmM22XbjZhdyOU2IN/xYsHRbz6N7z5b9y2OWjrg4HHezPMzAtTzpR2nG+rtLa+sblV3q7s7O7tH9iHRx2VZJJCmyY8kb2QKOBMQFszzaGXSiBxyKEbju9mfvcBpGKJaOlJCn5MhoINGCXaSIF94kXANcGtIPdSIgnnwDFMA7vq1Jw58CpxC1JFBZqB/eVFCc1iEJpyolTfdVLt50RqRjlMK16mICV0TIbQN1SQGJSfz++f4nOjRHiQSFNC47n6eyInsVKTODSdMdEjtezNxP+8fqYHt37ORJppEHSxaJBxrBM8CwNHTALVfGIIoZKZWzEdmRSoNpFVTAju8surpHNZc69r7v1Vtd4o4iijU3SGLpCLblAdNVATtRFFj+gZvaI368l6sd6tj0VrySpmjtEfWJ8/vUyV8g==</latexit>

�Tke

…

<latexit sha1_base64="UhNrVJV0V3NlToQqz2qYSdnU4kg=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBDiJeyKqMeIlxwjmAckS5id9CZDZmfXmdlACPkOLx4U8erHePNvnCR70MSChqKqm+6uIBFcG9f9dtbWNza3tnM7+d29/YPDwtFxQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbD+5nfHKHSPJaPZpygH9G+5CFn1FjJL911OwlVVAgUF91C0S27c5BV4mWkCBlq3cJXpxezNEJpmKBatz03Mf6EKsOZwGm+k2pMKBvSPrYtlTRC7U/mR0/JuVV6JIyVLWnIXP09MaGR1uMosJ0RNQO97M3E/7x2asJbf8JlkhqUbLEoTAUxMZklQHpcITNibAllittbCRvYDJixOeVtCN7yy6ukcVn2rsvew1WxUs3iyMEpnEEJPLiBClShBnVg8ATP8Apvzsh5cd6dj0XrmpPNnMAfOJ8/A8GRog==</latexit>

(Ak)

𝑚: order of moments

<latexit sha1_base64="u9OkuzkUykC5VOcvtsrTnC9cyf0="></latexit>

dge
dt

+ vkb̂ ·r
✓
ge �

�Tke

T0e
F0e

◆
= C[ge] +

 
1�

v2k
v2the

!
F0eb̂ ·r

e

cme
d2er2

?Ak
<latexit sha1_base64="kZdOY2OFiAow1bNG/q7E9FsPVOU="></latexit>

ge(r, vk, t) =
1X

m=0

Hm(vk/vthe)gm(r, t)F0e(vk)/
p
2mm!Hermite expansion:

Kinetic equation
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Using Hermite polynomial 

Simplest yet rigorous eqns
containing fluid & kinetic physics
[Zocco+ 2011]

Ions become isothermal and electrostatic, only introducing 𝜌" scale. 

<latexit sha1_base64="EHE9ZJhrrh3H6rTcmZEhOGojUL8=">AAAB/nicbVBNS8NAEN3Ur1q/ouLJy2IRPNVERD0WvXisYG2hCWGznbRLd5OwuxFKKPhXvHhQxKu/w5v/xk2bg7Y+GHi8N8PMvDDlTGnH+bYqS8srq2vV9drG5tb2jr2796CSTFJo04QnshsSBZzF0NZMc+imEogIOXTC0U3hdx5BKpbE93qcgi/IIGYRo0QbKbAPvBA0CQB7igksAjgVAasFdt1pOFPgReKWpI5KtAL7y+snNBMQa8qJUj3XSbWfE6kZ5TCpeZmClNARGUDP0JgIUH4+PX+Cj43Sx1EiTcUaT9XfEzkRSo1FaDoF0UM17xXif14v09GVn7M4zTTEdLYoyjjWCS6ywH0mgWo+NoRQycytmA6JJFSbxIoQ3PmXF8nDWcO9aLh35/XmdRlHFR2iI3SCXHSJmugWtVAbUZSjZ/SK3qwn68V6tz5mrRWrnNlHf2B9/gDYcZTD</latexit>

�e ⇠ me/mi

Electrons are described by 

<latexit sha1_base64="tpMeO640yEhD4JkiUR0MhZNU3Jk="></latexit>

1

n0e

d�ne

dt
= �b̂ ·r e

cme
d2er2

?Ak

<latexit sha1_base64="F9D/8ymhH+3s5+LHuSCGWvenORo="></latexit>

d

dt
(Ak � d2er2

?Ak) = �c
@'

@z
+

cTe0

e
b̂ ·r

✓
�ne

n0e
+

�Tke

T0e

◆

Continuity

Ohm’s law

Kinetic equation

Fully 
kinetic 

Gyro-
kinetics KREHM

low-𝛽

<latexit sha1_base64="YmYME2Aix5vrRODoLDSbIUbvuOM=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GNBDx4r2FpsQ9lsJu3SzSbsboQS+i+8eFDEq//Gm//GbZuDtj4YeLw3w8y8IBVcG9f9dkorq2vrG+XNytb2zu5edf+grZNMMWyxRCSqE1CNgktsGW4EdlKFNA4EPgSj66n/8IRK80Tem3GKfkwHkkecUWOlx16IwlAS9bFfrbl1dwayTLyC1KBAs1/96oUJy2KUhgmqdddzU+PnVBnOBE4qvUxjStmIDrBrqaQxaj+fXTwhJ1YJSZQoW9KQmfp7Iqex1uM4sJ0xNUO96E3F/7xuZqIrP+cyzQxKNl8UZYKYhEzfJyFXyIwYW0KZ4vZWwoZUUWZsSBUbgrf48jJpn9W9i7p3d15r3BRxlOEIjuEUPLiEBtxCE1rAQMIzvMKbo50X5935mLeWnGLmEP7A+fwBJ1qQlg==</latexit>

�fe (deviation from       )
<latexit sha1_base64="rq+gfpeywzsgKIak/fI0TVpDO0U=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6rGgiMcK9gPaUDbbSbt2sxt2N0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemHCmjed9O4WV1bX1jeJmaWt7Z3evvH/Q1DJVFBtUcqnaIdHImcCGYYZjO1FI4pBjKxxdT/3WEyrNpHgw4wSDmAwEixglxkrN217m4aRXrnhVbwZ3mfg5qUCOeq/81e1LmsYoDOVE647vJSbIiDKMcpyUuqnGhNARGWDHUkFi1EE2u3binlil70ZS2RLGnam/JzISaz2OQ9sZEzPUi95U/M/rpCa6CjImktSgoPNFUcpdI93p626fKaSGjy0hVDF7q0uHRBFqbEAlG4K/+PIyaZ5V/Yuqf39eqd3kcRThCI7hFHy4hBrcQR0aQOERnuEV3hzpvDjvzse8teDkM4fwB87nD0SHjvA=</latexit>

F0e

𝑚 = 0

<latexit sha1_base64="GQz37UWqfdObFJnDesdVWEnCU/Q=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix46bGC/cA2lM1m0i7dbMLuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis99kMUhpJogINK1a25c5BV4hWkCgWag8pXP0xYFqM0TFCte56bGj+nynAmcFruZxpTysZ0iD1LJY1R+/n84ik5t0pIokTZkobM1d8TOY21nsSB7YypGellbyb+5/UyE936OZdpZlCyxaIoE8QkZPY+CblCZsTEEsoUt7cSNqKKMmNDKtsQvOWXV0n7suZd17z7q2q9UcRRglM4gwvw4Abq0IAmtICBhGd4hTdHOy/Ou/OxaF1zipkT+APn8wcojpCa</latexit>

�fe

<latexit sha1_base64="SYmPy3dXTXp6kbDfRxWkDTPcvQk=">AAAB8XicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix46bGC/cA2lM1m0i7dbMLuRiih/8KLB0W8+m+8+W/ctjlo64OBx3szzMwLUsG1cd1vZ219Y3Nru7RT3t3bPzisHB23dZIphi2WiER1A6pRcIktw43AbqqQxoHATjC+m/mdJ1SaJ/LBTFL0YzqUPOKMGis99kMUhhI5wEGl6tbcOcgq8QpShQLNQeWrHyYsi1EaJqjWPc9NjZ9TZTgTOC33M40pZWM6xJ6lksao/Xx+8ZScWyUkUaJsSUPm6u+JnMZaT+LAdsbUjPSyNxP/83qZiW79nMs0MyjZYlGUCWISMnufhFwhM2JiCWWK21sJG1FFmbEhlW0I3vLLq6R9WfOua979VbXeKOIowSmcwQV4cAN1aEATWsBAwjO8wpujnRfn3flYtK45xcwJ/IHz+QM0vpCi</latexit>

�ne

𝑚 ≥ 2

<latexit sha1_base64="myhv290XxfpYYwBkQ17kQHHw3pM=">AAAB+HicbVDLSsNAFJ3UV62PRl26GSyCq5KIqMuCmy4r2Ae0IUymN+3QySTMQ6ihX+LGhSJu/RR3/o3TNgttPXDhcM693HtPlHGmtOd9O6WNza3tnfJuZW//4LDqHh13VGokhTZNeSp7EVHAmYC2ZppDL5NAkohDN5rczf3uI0jFUvGgpxkECRkJFjNKtJVCt2rCfJARSTgHjmEWujWv7i2A14lfkBoq0Ardr8EwpSYBoSknSvV9L9NBTqRmlMOsMjAKMkInZAR9SwVJQAX54vAZPrfKEMeptCU0Xqi/J3KSKDVNItuZED1Wq95c/M/rGx3fBjkTmdEg6HJRbDjWKZ6ngIdMAtV8agmhktlbMR3bFKi2WVVsCP7qy+ukc1n3r+v+/VWt0SziKKNTdIYukI9uUAM1UQu1EUUGPaNX9OY8OS/Ou/OxbC05xcwJ+gPn8wfroZNH</latexit>uke

𝑚: order of Hermite 
polynomials 

𝑚 = 1

𝑚 = 2
<latexit sha1_base64="ofIJmdnPHD58JElylgrpBKQTYIQ=">AAAB/3icbVBNS8NAEN3Ur1q/ooIXL4tF8FQSEfVY8NJjhX5BE8JmM22XbjZhdyOU2IN/xYsHRbz6N7z5b9y2OWjrg4HHezPMzAtTzpR2nG+rtLa+sblV3q7s7O7tH9iHRx2VZJJCmyY8kb2QKOBMQFszzaGXSiBxyKEbju9mfvcBpGKJaOlJCn5MhoINGCXaSIF94kXANcGtIPdSIgnnwDFMA7vq1Jw58CpxC1JFBZqB/eVFCc1iEJpyolTfdVLt50RqRjlMK16mICV0TIbQN1SQGJSfz++f4nOjRHiQSFNC47n6eyInsVKTODSdMdEjtezNxP+8fqYHt37ORJppEHSxaJBxrBM8CwNHTALVfGIIoZKZWzEdmRSoNpFVTAju8surpHNZc69r7v1Vtd4o4iijU3SGLpCLblAdNVATtRFFj+gZvaI368l6sd6tj0VrySpmjtEfWJ8/vUyV8g==</latexit>
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Simplest yet rigorous eqns
containing fluid & kinetic physics
[Zocco+ 2011]

Ions become isothermal and electrostatic, only introducing 𝜌" scale. 
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Electrons are described by 
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Ion finite Larmor radius effects + electron drift kinetic physics + KAW  
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With kinetic electrons --- Phase space cascade and electron heating
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With kinetic electrons --- Phase space cascade and electron heating
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Phase mixing
Nonlinear advectionAt each scale 𝜆, there is a critical Hermite order 𝑚$% :
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nonlinear advection rate ~ Phase mixing rate 
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mcr(�) ⇠ (�/de)
2/(2⌧2)

<latexit sha1_base64="VAypLdP3Kpx6xyGWWECOVTs92lA="></latexit>

dgm
dt

=
@gm
@t

+
c

B0
{', gm}

<latexit sha1_base64="t5g3p7Zz3YnqMtEahoVOsUCuA0c="></latexit>

⇡ kkvthegm/
p
m ⇠ vthe

B0
{Ak, gm}/

p
m

Source of free energy in velocity space 
<latexit sha1_base64="l1vbbOPusj1B1C3hcu1DBQ3qaPI="></latexit>

b̂ ·rJk
<latexit sha1_base64="RNOonyu9ita2dWo5kGwJ/Gfy+WU="></latexit>

dgm
dt

= �vtheb̂ ·r
 r

m+ 1

2
gm+1 +

r
m

2
gm�1 � �m,1g2

!
�

p
2�m,2b̂ ·rJk

Above 𝑚$% plasma echoes are expected to happen and impede phase mixing

In weakly collisional plasmas, the collisional cut off ≫ 𝑚$%

Why is efficient electron heating observed in solar wind [Chen+ 2019] and in kinetic simulations[e.g. Howes+2016-2018]?

With kinetic electrons --- Phase space cascade and electron heating
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Simulations solving KREHM eqs
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Landau damped EM energy matches electron heating 

EM fluctuations are Landau-
damped at each scale 
independently à phase 
mixing domination

spatial space 
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≈ electron 
heating sub-𝜌! , transition to 𝑑"



29

Towards a prescription for electron heating 
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From the linear dispersion relation of KAWs: 
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≈ electron 
heating 

[See also Howes+2008,2011; TenBarge+ 2013] 
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A zeroth-order solution in the velocity space

In the phase-mixing dominated regime, l.h.s. << r.h.s. 

To the lowest order:

The Hermite spectrum of 𝑔# (velocity-
space spectrum):
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Nonlinear advection phase mixing
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At each scale 𝜆, there is a critical Hermite order 𝑚$% :
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Nonlinear advection rate~ Phase mixing rate 
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With kinetic electrons --- Phase space cascade and electron heating
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For both cases, there is a sufficiently wide 
dynamical range that echo could happen.

Assuming 𝜑 and 𝐴∥ have the same 
configuration/gradients
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Local weakening of nonlinearity around current sheets enables strong phase mixing

Free energy concentrates around current sheets

At current sheets, nonlinear advection weak, 
phase mixing strong
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Local weakening of nonlinearity around current sheets enables strong phase mixing

ad
ve

ct
io

n 
/ p

ha
se

 m
ix

in
g

current density

free energy

Free energy concentrates around current sheets

At current sheets, nonlinear advection weak, 
phase mixing strong
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Heating occurs around current sheets

Magenta contours indicates regions with 
strong electron heating

Heating overlaps with current sheets
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At current sheets, nonlinear advection weak, 
phase mixing strong
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In kinetic turbulence (strongly magnetized regime )

• The kinetic channel of  energy dissipates dominates the fluid channel à Electron heating is caused 
by Landau damping of KAWs (not Ohmic heating)

• Free energy is concentrated around current sheets (velocity-space physics), where nonlinearity is 
weakened (position-space physics). Plasma echoes are impeded.

Summary 


